Abstract. An Abelian group is pseudofree of rank if it belongs to the extended genus of Z , i.e., its localization at every prime p is isomorphic to Z p . A pseudofree group can be studied through a sequence of rational matrices, the so-called sequential representation. Here, we use these sequential representations to study the relation between the product of extended genera of free Abelian groups and the extended genus of their direct sum. In particular, using sequential representations, we give a new proof of a result by Baer, stating that two direct sum decompositions into rank one groups of a completely decomposable pseudofree Abelian group are necessarily equivalent. On the other hand, sequential representations can also be used to exhibit examples of pseudofree groups having nonequivalent direct sum decompositions into indecomposable groups. However, since this cannot occur when using the notion of near-isomorphism rather than isomorphism, we conclude our work by giving a characterization of near-isomorphism for pseudofree groups in terms of their sequential representations.
Introduction. The Mislin genus Ᏻ(N)
of a finitely generated nilpotent group N is the set of isomorphism classes of finitely generated nilpotent groups M such that the localization of M and N at every prime are isomorphic, that is M p N p for all primes p. If N is a finitely generated Abelian group, then N has a trivial Mislin genus. This observation led Casacuberta and Hilton [2] to introduce the notion of extended genus. They define the extended genus ᏱᏳ(N) of a finitely generated nilpotent group N as the set of isomorphism classes of (not necessarily finitely generated) nilpotent groups M such that M p N p for all primes p. This notion admits interesting examples as, for example, in [6] , Hilton showed that there are uncountably many nonisomorphic Abelian groups in the extended genus of Z.
Following the definition of extended genus, the notion of a pseudofree group was introduced in [2, 6] . An Abelian group A is called pseudofree of rank -the name is due to Ries [12] -if A belongs to the extended genus of Z . Clearly, a pseudofree group of rank is torsion-free of rank . However, the fact that A is pseudofree imposes strong restrictions on A. This in turn enables us to use methods which do not seem to be applicable to the broad class of torsion-free Abelian groups of finite rank. In particular, we obtain the so-called "sequential representation" of a pseudofree group of rank , which consists of a sequence of invertible ( × )-matrices (one for each prime) with entries in Q.
For a finitely generated nilpotent group N and for k ≥ 2, the function
sending the k-tuple (L 1 ,...,L k ) to L 1 ×···×L k has been studied in [3, 7, 8] . If N has a finite commutator subgroup, then Φ is surjective, but not necessarily injective. More generally, for finitely generated nilpotent groups N 1 ,...,N k (k ≥ 2), one can consider an obvious function (cf. [7] ),
If all the groups N 1 ,...,N k belong to a certain subclass of the class of finitely generated nilpotent groups with finite commutator subgroup, then this function is again surjective, but not necessarily injective (cf. [13] ).
In Section 3, we study functions analogous to (1.1) and (1.2), now defined on the extended genus. It then makes sense to consider these functions when the groups involved are finitely generated and Abelian. As pointed out in [2] , in this case, we may, without loss of generality, restrict our attention to the functions A proof for the case k = 2 can also be found in [9] . On the other hand, it is well known that torsion-free Abelian groups of finite rank may have nonequivalent direct sum decompositions into indecomposable groups (cf. [4] 2. Pseudofree groups. For a finitely generated nilpotent group N, the extended genus ᏱᏳ(N) [2] is the set of isomorphism classes of nilpotent groups M such that M p N p for all primes p. The Mislin genus Ᏻ(N) [11] is the subset of ᏱᏳ(N) containing the isomorphism classes of finitely generated nilpotent groups. For short, we say that a group M belongs to the extended (or Mislin) genus of N if the isomorphism class of M does.
For a finitely generated Abelian group A, the Mislin genus Ᏻ(A) is easily seen to be trivial. However, the situation for ᏱᏳ(A) is completely different. For example, the extended genus of Z contains uncountably many isomorphism classes (cf. [6] ). In fact, in [2] , Casacuberta and Hilton showed that in order to study the extended genus of any finitely generated Abelian group, it suffices to consider ᏱᏳ(Z ). An Abelian group A is called pseudofree of rank [12] if A belongs to ᏱᏳ(Z ). Note that if A is pseudofree of rank , then A is torsion-free Abelian of rank . For convenience of the reader, we recall from [2] the following basic facts about pseudofree groups. For a pseudofree group A of rank , we can choose isomorphism f 0 : A 0 Q and f p : A p Z p for all primes p, which we write for short as {f p ,p ≥ 0}. Since A p is naturally embedded in A 0 , the homomorphism f 0 f 
We write M * for the sequence of matrices {M p i }, where we enumerate the primes as p 1 ,p 2 ,...,p i ,..., and we call this sequence M * the sequential representation of A associated with {f p ,p ≥ 0}. The pseudofree groups of rank one, the so-called groups of pseudo-integers, were treated by Hilton in [6] . For a group of pseudo-integers, a sequential representation simply consists of a sequence of rational numbers. A great deal of properties of pseudofree groups can be studied through their sequential representation. For future reference, we recall from [2] the following criterion for two pseudofree groups to be isomorphic. 
In the case of groups of pseudo-integers, this leads to the following (cf. [6] 
Decomposable pseudofree groups.
Let N be a finitely generated nilpotent group with a finite commutator subgroup. From [7] , we know that the Mislin genus Ᏻ(N) has a natural Abelian group structure and that the function
given by
is actually a group homomorphism. In fact, Φ is a surjective homomorphism. This can be seen as follows. Recall from [3] that the function
is a surjective homomorphism. Moreover, as explained in [7] , 5) where + denotes the operation in the Abelian group Ᏻ(N). Hence, since ρ is surjective, we infer that Φ is surjective. In other words, every group in Ᏻ(N k ) is decomposable.
On the other hand, it was pointed out in [7] that Φ is far from being injective. Indeed, in [7, Thm. 3.2] , it is proved that, for [8] , the kernel of Φ is precisely described in the case where N belongs to a certain subclass of the class of finitely generated nilpotent groups with finite commutator subgroup.
We now confine our attention to the analogue of the function Φ, defined on the extended genus rather than the Mislin genus. As pointed out in [2] , in order to study this function in the case when the groups involved are finitely generated Abelian, it suffices to consider the case of Z . Thus, for ≥ 1 and k ≥ 2, we consider the functioñ
given byΦ
Consider the case where = 1. It was pointed out in [2] thatΦ : 
but A also has a sequential representation N * given by Example 3.3. Let P 1 ∪ P 2 ∪{5} be a partition of the set of all primes, where P 1 and P 2 are infinite. Consider the pseudofree group A of rank 4 given by the sequential representation 
for respectively p = p 1 ∈ P 1 , p = p 2 ∈ P 2 , and p = 5. Consider also the pseudofree group B of rank 4 given by the sequential representation
for respectively p = p 1 ∈ P 1 , p = p 2 ∈ P 2 , and p = 5. Then clearly A A 1 ⊕ A 2 , where A 1 A 2 is an indecomposable pseudofree group of rank 2 with sequential representation
for respectively p = p 1 ∈ P 1 , p = p 2 ∈ P 2 , and p = 5. Analogously, B B 1 ⊕ B 2 , where B 1 B 2 is an indecomposable pseudofree group of rank 2 with sequential representation
for respectively p = p 1 ∈ P 1 , p = p 2 ∈ P 2 , and p = 5. Observe that A B. Indeed, setting
and C p = L −1 for all p ≠ 5, while
it is easily verified that N p = LM p C p for all primes p. On the other hand, note that
then we infer that C
for respectively p = p 1 ∈ P 1 , p = p 2 ∈ P 2 , and p = 5. This implies that p 1 | y and p 2 | z for all p 1 ∈ P 1 and for all p 2 ∈ P 2 . Hence, y = 0 = z. This means that
Moreover, since, for all p different from 5, we have that
we infer that x = 5 i and t = 5 j for some integers i, j. However, this is in contradiction
Another function of interest considered in [7] is the following. Let N 1 ,...,N k be finitely generated nilpotent groups with a finite commutator subgroup and consider
In [7] , it is shown that Ψ is a group homomorphism and the authors asked whether Ψ is always surjective. In [13] , this homomorphism Ψ is studied for a certain subclass of the class of finitely generated nilpotent groups with finite commutator subgroup. In this case, Ψ is indeed surjective and, moreover, the exact conditions for
Again, we consider the analogue function defined on the extended genus and we are particularly interested iñ
Of course, this functionΨ is not surjective. Indeed, not every pseudofree group of finite rank is decomposable. Furthermore,Ψ is far from being injective in general. Indeed, it is a well-known fact that torsion-free Abelian groups of finite rank may have nonequivalent direct sum decompositions (cf. [4, Thm. 90.4] ), In fact, we can already exhibit a pseudofree group of rank 3 that has two nonequivalent direct sum decompositions (cf. [1, Ex. 2.10]).
Example 3.4. Let P 1 ∪ P 2 ∪{5} be a partition of the set of all primes, where P 1 and P 2 are infinite. Consider the pseudofree group G of rank 3 given by the sequential
for respectively p = p 1 ∈ P 1 , p = p 2 ∈ P 2 , and p = 5. Consider also the pseudofree group H of rank 3 given by the sequential representation
for respectively p = p 1 ∈ P 1 , p = p 2 ∈ P 2 , and p = 5. Then it is easily seen that G A ⊕ B, where A is pseudofree of rank 1 with sequential representation (1/p 1 ), (1) , (1) for respectively p = p 1 ∈ P 1 , p = p 2 ∈ P 2 , and p = 5, and B is pseudofree of rank 2 with sequential representation   
for respectively p = p 1 ∈ P 1 , p = p 2 ∈ P 2 , and p = 5. Analogously, it can be verified that H C ⊕ D, where C is pseudofree of rank 1 with sequential representation (1/p 1 ), (1) , (1) for respectively p = p 1 ∈ P 1 , p = p 2 ∈ P 2 , and p = 5, and D is pseudofree of rank 2 with sequential representation   
for respectively p = p 1 ∈ P 1 , p = p 2 ∈ P 2 , and p = 5. Finally, observe that G H and A C while B D.
Near-isomorphism of pseudofree groups.
Motivated by the fact that the above phenomena of nonequivalent direct sum decompositions of a pseudofree group cannot appear if we use the notion of near-isomorphism rather than the notion of isomorphism (cf. [1, Cor. 7 .17]), we give in this section a characterization of near-isomorphism for pseudofree groups in terms of their sequential representations.
Recall (see, e.g., [1] ) that two torsion-free Abelian groups A and B of finite rank are called nearly isomorphic (notation A n B) if, for every positive integer n, there is a subgroup A n of B, of finite index prime to n such that A n A. Note that A and B are then necessarily of the same rank. Moreover, two nearly isomorphic torsion-free Abelian groups obviously belong to the same extended genus. 
